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Classical Formalism

Boolean algebra

Boolean algebra: a set of propositions and all
their combinations under the three logical oper-
ations. If non-empty, always contains the tau-
tology 1 and self-contradiction 0.

propositions/ events: entities we assign proba-
bilities to

disjoint propositions: events which cannot be
true at the same time

atoms: set of propositions such that any propo-
sition in the Boolean algebra can be written as
the OR of a set of atoms. Always exists for fi-
nite Boolean algebras. Any Boolean algebra is
equivalent to the powerset of the set of atoms.
subalgebras: when regarding a proposition as
tautology

random variable

Boolean probability Pr[A|C], C # 0, fullfills:

Pr[A|C] > 0 (axiom 1, positivity)

Pr[A|C] =1iff C = A (axiom 2, norm.)
Pr[AV B|C] = Pr[A|C]+Pr[B|C] for ANB =0
(axiom 3, addition rule)

Pr[A A B|C] = Pr[A|B A C|Pr[B|C] (axiom 4,
product rule, consistency of sub-algebras)
Pr[AV B|C] = Pr[A|C]Pr[B|C]—Pr[AA B|C]
PrlV, A;|C] <>, Pr[A4;|C] (union bound)

Pr[A] =), Pr[A|B;]Pr[B;] for \/, B; = 1 (law
of total probability)
Pr[A|B A C] = PREacdiPr[4]C)

Representational probability

PX X — [0 1] Px( ) :PI‘[X:.T]
Pxy(z,y) =Pr[X =z AY =y]

Pxjy—y: X = [0,1], Pxjy—y(z) == Pg—g)y)
PX|Y(~”U72/) = PX|Y(fU|Z/) = PX|Y:y(fL‘)

Px(z) =3, Pxy(z,y) = >, Pxjy=y(x) Py (y)
linearity: Py (y) = > ,cx 1[f(2) = y]Px ()

Convexity

convex set: closed under convex combinations:
s,reS = As+(1—-XNreS, Ae0,1]
convex hull: a set’s convex combinations
extreme points: cannot be written as nontrivial
convex combination of other points

convex function: f(Az;+ (1 —N)x2) < Af(x1)+
(1=N)f(z

Jensen’s inequality: (f(

2). Set of points above f is convex.

X)) = (X))

POVMs(n,d) := {{A(x)

voesPn) ER" ipp > O,Zpi =1}
en) €ER" 1e; € {0,1}}
{(tl, tn)elR” 0<t; <1}
={o € L(C%:06>0,Tr[o] =1}
= Hull({¢) (¢ : ¢) € L(CH})
Events(d) := {T'€ L(C%) : 0 >T < 1}
"_1: A(z) € Effects(d),

> Ax) =1}

Independence
A, B independent iff Pr[A A B] = Pr[A] Pr [B]
A B conditionally independent iff
Pr[A A B|C] =Pr[A|C]Pr[B|C]

pairwise independence not sufficient for indepen-
dence of more than 2 events

Markov inequality Pr[X > €] < % (X)
Chebychev inequality Pr [(Y —y)? > ¢] < 152
LLN & CLT for Z, = ), X; with X iid

li_>m Pr{|Z,—p| >€¢ =1 Ve (wLLN)
Pr [nlln;o Zp = u} —1 (SLLN)
. Ly — b
h_>m Pr [vn <yl =2(y) (CLT)
n—00 o

convergence speed from Chebychev, Hoeffding
bound, Berry-Esseen theorem:

Pr((Z, —p)?<e <Omn™)

Pr(|Zn —ul > ] < 2exp (—

Ct
< ] —
|Pr[Y, <y e

O(y)| <
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Quantum Formalism

Quantum probability theory

Pr{A], = Tr[Ap]
peL(H), p>0 Trlp]=1
AeL(H) A>0 A<1

POVM {A(z)}7_,
Hilbert-Schmidt inner product

(density op)
(effect)

states are complex hull of pure states
decomposition of density matrix into ensemble
of states is non-unique

indeterminacy of measurement A is partly due
to quantum nature and partly because a state
is a mixture of pure state (ensemble character).
Due to non-uniqueness division cannot be made.
Gleason’s theorem: P(1) =1, P(0) = 0, P(II; +
II;) = P(II;) + P(Il) for II;II; = 0 imply
P(II) = Tr[Trp]

Composite systems

product state |[p) 4 ® |¥) 5
entangled states are non-trivial convex combina-

tions of product states
maximally entangled states

d-1
1
1) 4 = Nz Z bk) 4 ® |bk) g
k=0

d—1

D ap = Z [bk) 4 @ [br)
k=0

Bell basis in 2D |®;;) = (1 ® X/ ZF) |®) 45
[®o0) := —=(|00) + [11))

[®o1) := —=(]00) — [11))

[®10) := —=(]01) + [10))

SIS

2
1
L) = —
|®11) 5

Bell basis in dD |®;;) = (1 ® ULVE) |®) 45
27ri/d)

(101) —[10))

5

Weyl-Heisenberg operators (w = e

d—1 d—1
U= [k+1)(kl, V=> k)
k=0 k=0

partial trace with basis |bg) of system B:
d

Trp([W) (Y[ 4p] = 2okZ (Ol |¥) 4 (¥ bk)

marginal/ reduced state pg = Trp[paz]

unitary actions & measurements on B does not

affect A (and vice versa)

cq states pza =Y. Pz(2) (b| |bk) , ® pa(z)

Bloch sphere
0 .0,
|t)) = cos 3 |0) + sin ¢ ? 1)

ny = (sinf cos , sin 0 sin ¢, cos )

Y=l (9l = 51 +n-0)
nt) = [-ny)

el 2 = 51+ - my)

1
Pr[Anl,, = Tr[Ampm] = 5(1 +n-m)
1
V)
n‘0>—(0,0,+1), 0=0,0=0
n‘1>—(0,0,—1), 0:7T,(p:0
n|+)_(+1a0a0)a 0:71-/2¢80:0
n_y=(-1,0,0), 0=n/2,p=m
10>
ZA
ly>
(}I /.//‘
1
e ‘y
11>

Entanglement has the property that for the com-
posite system ADB there exists a measurement for
which the outcome is certain. However, any nontriv-
ial measurement of A/ B alone results in a uniform
outcome distribution. The full system is determinis-

tic, parts of the system are completely uncertain.

Separable vs. entangled A pure state |0) 45 is

e separable/ a product state iff there exists

[©)as 10 g st 10)ap = l0)a @) p

e entangled otherwise: |0) 45 = > 1 |9k) 4 ® |Vk) g

A mixed state 04p is

e separable iff there exists py € [0,1], pa(k), pp(k)

st Oap =Y pepa(k) ® pp(k)

e separable iff there exists py € [0,1], |¢k) 4, [¥k)

st 0ap =D 1 Pk |0k) 4 (Pl a @ [Vk) g (Yilp
e entangled otherwise



Operator-state isomorphism e A POVM can have more than one Kraus op

V :L(Ha,Hp) = Ha®@Hp Aa(x) = My (2, y) M a(z,y)
Mpja = (1a®@ Mpjar) [) g0 Y
V) up = an (V) 4 Transpose map 7/ swap operator F'
o V(o) g (¥la) = |E>A®’30>B o transpose 7 : M +— M7, M € L(Ha, Hp),
 Mpjal)an = > Mijlij)pa € Ha ® Hp for B (5| Mb) V), (k| 4 = (B[ MD;) [bs) 5 (B

Mpja =32 Mijli)g (jla € L(Ha, Hp)

AA <Q’Q>A’B = ]lB\A = Zi ‘bi>B <bi‘A

14 ® Mpar Q) 40 = (Mpja)" @14/ |Q) g
e V is an isometry

swap Fax = Ta[Qan] = (Za® Tar)[Qaa]
Fap(lp)a®@ ) g) = )4 @ [p)p
Tra[Fan] =14

F3 . =1aa

TI‘A/[S:{/QAA/] = SA

Quantum channels are completely positive, trace-
preserving, linear maps/ superoperators.

e trace preserving: Tr[€p4[pa]] = 1 for Tr[ps] =1 P6.6 P6.3
e positivity: Epja[pa] >0 for pa >0 ﬂ unitary relations ﬂ
e complete positivity: Epj4 ® L positive f any Hp Kraus < Ensemble
e necessity of completely positivity: (Za®7T5)Pap 1% P6A
has eigenvector %(Uk} — |kj)) with negativ 5 3 Steering
eigenvalue —1/2 '
e adjoint £*: Tr[AE[p]] = Tr[E*[A]p] Choi
e unital £&: £[1] =1 Channel <T011> Operator
o & trace-preserving <= &£* unital ’
P6.7
Important quantum channels Steering T6.1 P6.2
p — (1 —p)p+ pdiag|p] (dephasing) : , v R
v, Stinespring <———— Purification
=1 =p/2)p+2Zp
isometric relations
2 y W) )

p— (1—p)p+pr (depolarizing) P6.5 P6.2

V1—=3p/4 1,\/p/doy, k =x,y,z
p— (L=pp+p|?) (7 (erasure) Choi map relative to basis {b;} for H4 ~ Hp is

V1=p([0) (0] +[1) (1)), /P [?) (O] . v/P[7) (1] C: L(L(Ha), L(HB)) = L(Ha @ Hp)
p— Kngo + KIpKl (amplitude damping) Epja = Epjar[Qan]

-1 .
vp10) (1], 10) (0] + /1 —p[1) (1] C™ (Mag) : pa > Tra[Talpa]Map]

e (' is an isomorphism with inverse C~!

e (' depends on basis {b;} chosen to define |{2)
Quantum instrument performs a measurement e C(identity channel) = Qup

and stores the outcome + post-measurement state
hoi . N .
QxBlA:pAF Z ) (z] ® MB\A(x)PAMg‘A(x) Choi representation (~ density operators)

. e S
e Given POVM {A4(x)}, a qginstrument’s Kraus * Epja s completely positive iff C(Ep4) 2 0

e Epi4 is trace preserving iff Trp|C(& =1
operators Kpj4(r) must satisfy BlA P & BC(Ep14)]

e set of channels is a convex set of positive opera-

Aa(z) = KE|A(:E)KB\A(33) tors on H g, whose marginal on A corresponds
e Trp o QXB|A[PA} = measurement result only to the identity. Extreme points are rank-one op-
without post-measurement state of p4 erators subject to the condition on the marginal.

e TrxoQxp|a[pa] = post-measurement state of p4
only, forgetting the outcome. A Kraus represen- Kraus representation (~ ensembles)
tation. Thereby, every qchannel can be regarded e Ep|a is completely positive iff 3 Kpj4(j) st

as a measurement by some POVM followed by Ep1alSa] = ZKB|A(j)SAKE\A(j)

forgetting the measurement results. ;



e Ep|a is trace preserv iff Zj KE‘A(j)KB‘A(j) =1

o {A(z) =K*(z)K(z)}, is a POVM

e Kraus representations are not unique due to the
non-uniqueness of the Choi operator.

e Minimal number of Kraus operators = Choi rank

Stinespring representation (~ purifications)

° 5B|A iscp iff 3HR, Verra € L(Ha, HB QHER) st
Ep|alSal = Trr[VpraSaVigial VSa € L(Ha)

e Ep|a Is trace preserving iff V§R|AVBR|A =14

e smallest possible dr < dadp

e qchannels = unitary operations involving addi-
tional systems which we do not have access to

e for any dilations Vgpja, Vj ri|a there exists a
partial isometry Wgy g st VéR’|A = WrrVBR|A

Purifications of p4 are normalized |¢) 4p € Ha ®
Hp such that pa = Trr[|y) (Y] 4]

e canonical purification |¥) 4 p = /paA @ 1R ) 45
e a purification always exists iff dimH g > r (oth-
erwise Schmidt rank is smaller than p4’s rank)

e minimal purifications have dimHgr = r

e pa,pr = Tra[Vag] have same eigenvals si by
Schmidt decomposition (but distinct eigenfuncs)

e steering: any purification can produce every en-
semble decomposition by suitable measurement

Unitary relations of ensembles & Kraus operators

e For ensemble dec {px,|¢r) i1, {q, [¥;)}]e, of
the same density operator p, there exists an [ x [
unitary matrix U (I = max(n,m)) st

!
VG 1) =Y /or (051U |br) [on)
k=1

e For Kraus operators {K;} |, {K;}jL; of the
same superoperator £, there exists an [ x [ uni-
tary matrix U (I = max(n,m)) st

K} = Z Ui K;

Isometric relations of dilations & purifications

e For any two purifications |U) 45, [¥’) 4p/, there
exists a partial isometry Vg/| g st

U g = (L4 @ Vi) V) 45
e For any two dilations Vg4, Vi RI|A” there exists
a partial isometry Wgr g st

!
VBR’|A == WR’\RVBR|A

If dimHp > (=) dimHpg, the partial isometries can
be taken to be an isometry (unitary).

Steering purifications and Stinespring dilations

e Given a state p4, suppose |¥) , 5 is a purification
and {Px (), pa(z)} an ensemble decomposition.
Then there exists a POVM I'g(x) st

Trp[T(2)W ap) = Px(z)pa(x)
e In particular, let Vp 4 be the partial isom-
etry such that |V),p such that |¥),;, =
VPA® Vpar|Q) 4o and {Ap(x)} be the pretty-

good measurement associated with the ensem-
ble. Then I'g(z) = VV|AAA(:I:)TV§|A.

e Given a channel £p|4, suppose Vg4 is a Stine-
spring dilation and {€p4(7)}. is an ensemble
decomp. Then there exists a POVM I'g(z) st

(€x)Bja + Sa— Trp[Tr(2)VBRIASA(VBRIA)]

Schmidt decompositions
Pretty-good measurement
Measurement as coherent process

Information disturbance

e Measurements are disturb gsystems, but without
measurement one cannot learn anything.

e No disturbance implies no information gain: for
any qinstrument Qx4 st Trx o Qx4 = Za,
there exists a probability distribution Px st
Qxaja = Px ® T4 (X, A are independent).

e Converse is not true.

e Rank-1 projective measurements are maximally

disturbing: let Qyp|4 a ginstrument st
Mxja=TrpQxpla: par> Z ) (x| (z|plz) -
x

Then there exists wp(z) st Qxpa = Expix ©
Mxia with Expix « |z) (] x = |2) (2] x @@B().



3 Quantum Hypothesis testing

Hypothesis testing
e Idea: find POVM to distinguish quantum states,
i.e. maximize Pyuess(X|B)r given CQ state 7
e For two states, 7 = p|0) (0|®@p+(1—p) 1) (1|®0,
solved exactly (Bayesian and NP agree):
Pguess(X‘B)T = Ugl/%i(]l Pguess(X’B)A,T

= mﬁXTr[AM], st 0<A<1

1 1
Pguess<X‘B)T = 5 + QHPP - (1 —p)O’Hl

e For more states, pxp = Y, Px(z)|z) (z]|y ®
pp(x), no general solution known.

Pguess(X|B)p = /S\Up II\I'[AXBPXB}

= sup Z Px(x

B(z)]
AxB

st Trx[Axp] <1p,Axp >0

)Tr[Ap(z)p

e monotonicity: Pyuess(X|C)os < Pauess(X|B),, for

oxc = Eciplpx Bl

Bayesian hypothesis testing
Pyuess = max{(1 = p) + Tr(A(pp —

f(M)

(1 —p)o)l}
= max{Tr[AM]: 0 <A <1}

f(M) = Te[{M > 0}M] = Tr[{M}]

= min{Tr[f] : 0 < 6,0 > M}

F(M) < Te[{M}4]

= TH{{M}.] = (Tx[M

1
+ illpp + (1 = p)a||

f(a)

f(M) ]+ 1M]]1)

Pguess = 5

Neyman-Pearson hypothesis testing
Hy = given state is p, error type I =1 —«
H, = given state is o, error type II =3
Ba(p,0) = min{Tr[Ac] : 0 < A < 1, Tr[Ap] > a}
AN ={mp—0 >0} +c{mp—0o=0}
Balp, o) = r}lnig{ma —Tr[0] :mp—0 < 0,0 <0, m}

0" ={mp— o}y
e Neyman-Pearson lemma: likelihood ratio test
A(a) = {p — ao};+ is optimal in 5, (p, o)
e Complementary slackness: constraints of dual or
primal are strictly satisfied, iff optimality.
e Slater condition: if primal (dual) feasible + dual
(primal) strictly feasible, duality gap is zero.

Distinguishability
0(p,0) = 2Pyyess(X|B)r —
= mEX{Tr[A(p —0)]:0<A<1}

:mein{Tr[G]:p—agejé’ZO}

1
= 5llp = alh

6(Epjas Fpla) = Sup Tr[Apr(Ep|alpar] — Fpjalpar))]

p7
st Tr[par] =1,par > 0,0 < Apr <1

faithfulness: §(p,0) =0 <= p=o0
triangle ineq: §(p,0) < d(p,7) + (7, 0)
monotonicity: 6(Epjalpl, Epjalo]) < 6(p, o)
joint convexity:

5 (3 Popes D Pao) <37 Pudlpascn)

Fidelity

F(p,0) =sup max , Vo
(o) = sup iy | oY) a

~ IvAval =T | Vanva]

(1o, ¥0)? =1 — | (U, 10) |

F(Epalpal; Epjaloal) = F(pa,o4) and equality
for isometries Ep|a[pa] = VB14pAVE o

F(p® p,0 ) = Flp,0)F(p,o')

Fig(p>0) = Tr[y/5y/5]

F(p,0)* < Fpg(p,0)

o(p,0) + F(p,o) 21

82(p, o) + F2(p,0) < 1

Optimal measurement in classical case
= Zy PY\X:z(y) v) (yly

e optimal measurement is deterministic: maximize

e commuting pp(x)

conditional distribution z — Px|y_,(z)
e optimal POVM els Ap(2) = >, Q(z,y) |v) (yly
L4 Pguess = Z;p Px(l’) Zy Q(l’, y)PY|X:x(y) =
> Pr(y) >, Q. y) Pxjy=y(2)

Pretty good measurements

1 1
Py (X|B), = Tr[(1 ® pp° ) px(1 ® pp®)px 5]
= Q(pxB,1x ® pB)

o Qp,0) = Telpo/2po 12

e () fulfills joint convexity, monotonicity and iso-
metric invariance

e in classical case Ap(z) = 3, Pxjy=y(2)[y) (yly
and the PGM is to the optimal measurement

e pretty good: for CQ state pxp (X classical)

Pguess(X|B); < Pyt (X|B)p < Pyuess(X|B),

guess



4 Communication Converses

classical info, classical channel, unassisted classical info, classical channel, assisted
W (m'|m) pinching Ex|ar—m, rlpr7] < 1x ® prv
W [ / — '/
= ZDM’|Y "ly) Ny x (ylx) Ex s (z|m) M= M=m|PTT]
= Dppr—m/|y =y, 1 © Ny|x © Ex|pr=m,r[0TT"]
mm(\XLIYI) min(| X[, |V
Pagree = T Pa gree < %

classical info, quantum channel, unassisted cl info, q ch, assisted (superdense coding)

Wapae(m/Im) = Te[Ap(m')Npjalpa(m)]] Wi (m'|m) = Dap—pr g © Npja © Eappr=m, 7]
. min(|Al, |B|) = Tr[Ap(m' )N A€ api=m,rlprT]]
agree > |M|

P <min<’A|2 |BI> |AlIT| |BIIT| |AlT"| IBIIT’|>
agree — b 9 Y Y )
¢ [M[" M [M] M| M (M

A
= %mm(ﬁl\, |T|) for |A| = |B|,|T| = |T’|

quantum info, classical ch, unassisted q info, cl ch, assisted (teleportation)
tool: PPT ineq: Tr[®apoan]| < \Al with PPT o4p  PPT ineq: Tr[®apoap| < \%l with PPT o4p

Ngqlpql = Dgry © Ny|x © Exqlrq] Nooleql = Dy © Ny|x o Exjorlpq @ prr/]
= Nyix(ylz)pg () TrolAg () pq) Nol®qq'] = Dapyr © Nyjx © Exjor[Peq © prr]
g X[ Y] |T] |T']
Pagreeg min TAR 1A 1A 1Al
Nol®ogl = Nyix (Wl2)po(y) ® TroAg(z)@qq] QP QFP Q" Q)
x?y
1
Pagree S @
quantum info, quantum ch, unassisted quantum info, quantum ch, assisted
pinching Sup < |A|14 ® Sp for Sap >0 pinching: EA|Q[<I>QQ/ ® prr] < ‘lQ"ILA ® 1y ® prr
NQ"Q[pQ] = DQ’\B o-/\/‘B|A o EA\Q[pQ] NQ/\Q[pQ} = DQ’|BT/ o NB\A o 8A|Q[pQ (4] PTT’]
NQ[(I)QQ |= DQIB O'/\/-B|A © EA\QM)QQ’] NQ[CI)QQ | = DQ|BT’ o NB\A o gA|Q[(I)QQ’ ® prr]
2
Pagree ~ |Q‘2 min (‘A| |B| ) Pagree ~ ’QP min (|"4|2 |B| )



5 Entropy & Mutual Information Mutual Information
I(A: B)y:=D(pap,pa® pp)

| H(X,Y) | - )
! HX) | = H(A),+ H(B), — H(AB),
| H(Y) | = H(A), — H(A|B),
I(A:B I1(A: =2H(A), if
[ HEY)  IXY) [ HYX) | (A:B), +1(A: C), (A), if papc pure

0<I(A:B), <2min(log|Al,log|BJ)

I(X : B), <log|X]| for CQ pxp

I(A:B),=1(B:A),

I(A: B)g = 2log |A]

{Tr[paogp—log P SBD(O) € BDB) o For E1s. Foyin and pas, et pa = Exin @
00 else Fprlpas]. Then I(A": B')y <I(A: B),

e D(p,o) >0and D(p,0) =0 < p=

Relative Entropy

D(p,o) :=

Conditional Mutual Information

b D(p®9,0'®7') :D(p,U)—FD(Q,T)
 Dlpan. 70pm) — Dipamag)+ Didamnipm)  L(A:CIB), = H(AIB), ~ H(AIBO),
with pinched py 5 = Palpas] (chain rule) = H(B|A), — H(B|AC),
e Ya € (0, 1) ihmnﬁoo_%ﬁa(p@n ) ( ) ° I(A;B|C’)p:](A;B) for papc pure
e D(Epjalpal;Epjaloal) < D(pa,oa) e [(A:B|C),>0 (strong subadditivity)
® D(pa,oa) > —alog By — ha(a) o I(A:B|C)=I(A: BC)—I(A:C)
Entropy Properties of the operator log
H(A), = —Tr[palog pa] e Let A€ L(X),B € L(Y) pos. def. Then
= —D(pa,1a) = log|A] = D(pa, ma) log(A® B) =log A®@ g + m4 ® log B
e H(A),>0forall p (duality) o Let {Ay}uex pos. def. with mutually disjoint
o H(A), = 0iff p pure support. Then
o H(A)y,u = H(A), for unitary U
o H(A), <log Isupppl log <Z Aa) = log Aq
o H(A)kakpk > pkH(A), (convavity) _ a a .
o H(A), H(A), with 0 = 2, Tpll;, where e If there exists a ONB such that a given operator
{I;} is a complete set of projectors is block diagonal, then its log is also block diag-
e binary ho(p) := —plogp — (1 — p)log(1 — p) onal in this basis with the block being the log of

the original block.
Joint Entropy

H(AB), = —D(pap,145) Important elgensysten::cD
o H(A), = H(B), for pag pure  (duality) ( ) ( Z ) Lasbrn)
e H(AB), < H(A), + H(B), (subadditivity) d b 1 2
e H(AB),=H(A),+ H(B), iff pap = pa ® pp D = +/(a— )%+ 4cd
e H(AB),> |H(A), — H(B),| (triangle ineq)

Conditional Entropy (
H(A|B), == —D(pap,14 ® pB)

= log|A| — D(paB,7a ® pB) (
H(A|B), = —H(A|C), for papc pure (duality) 0 1
~log|A| < H(A|B), < log 4] ( )
H(X|B), >0 for pxp a CQ state (X classical)
H(A|B)o = — log|A (
H(A|BC), = H(AB|C), — H(B|C),
For €414 unital, Fpi g, pap, let pap = Ex14 @
Fpplpas]. Then H(A'|B")y > H(A[B), (
e H(AB|C), < H(A|C),+ H(B|C), (strong sub)



6 Noisy Channel Coding

(k,€) code is a pair of encoder and decoder such that
d(DoN o&,1) < e for an alphabet of size k = | M|.

Capacity and rate of a channel
o M*(Np|x,€,n) = largest k st there exists (k,¢)

XN
code for NB|X

e optimal rate R(Np|x,€,n) = —
e c-capacity C(Np|x,€) = lim, 00 R(Np|x,€,n)
e capacity C(Np|x) = limeo C(Np|x,€)

log M* (NB\X>67n)

Capacities of some channels

e C(BSC(q)) =1 — ha(q)
e C(BEC(q)) =1—¢

Capacity of noisy channel For any CQ chan-
nel Npx & assoc state wxp = ), P(X) |z) (z|x ®
ep(x)

C(Npix) = max I(X : B),, (weak converse)

C(Np|x,€) = max I(X : B),. (strong converse)
X

e strong conv: max capacity is independent of €
e weak conv: rates larger than C cannot transmit
with vanishing e

Noisy channel coding converse For any CQ chan-
nel Np|x, every (k,e€) code satisfies

min max 1 _(wxp,wx ®op) < —,
PX oB k

where wxp = X, Px(2) [2) (2] ®5 () for p5(z) =
NB\X:x'

Noisy channel coding achievability For any CQ
channel N x and error € > 0, there exists a (k,¢)

code with

L < min min ——— B ® wp)
— < min min ——f#_ WXB,W wg).
k ~ neog Px n(l—e+mn) X B B b



