
PROBABILITIES

Ex[X] =
{∫
x · p(x)∂x |Ex[f (x)] =∑
x x · p(x) |

∫
f (x) · p(x)∂x

V ar[X] = E[(X −µX )2] = E[X2]−E[X]2

P (A|B) = P (B|A)·P (A)
P (B) ; p(Z |X,θ) = p(X,Z |θ)

p(X |θ)
P (x,y) = P (x∩ y) = P (y|x) · P (x) = P (x|y) · P (y)
IMPORTANT
ln(x) ≤ x − 1,x > 0; ||x||2 =

√
xT x; ∇x ||x||22 = 2x

f (x) = xTAx; ∇xf (x) = (A+AT )x

DKL = Ep[log(p(x)
q(x) )]; DKL(P ||Q) =

∑
x∈X P (x) ·

log P (x)
Q(x) =

∫ +∞
−∞ p(x)log p(x)

q(x) dx always nonneg

Standard Gaussian: CDF: Φ(x) =
∫ x
−∞φ(t)∂t;

PDF: φ(x) = 1√
2π
e−(1/2)x2

;
∫
φ(x)∂x = Φ(x) + c;∫

xφ(x) = −φ(x)+c;
∫
x2φ(x)∂x = Φ(x)−xφ(x)+c

REGRESSION
Linear Regression
Error: R̂(w) =

∑n
i=1(yi −wT xi)2 = ||Xw − y||22

w∗ = argmin
w

∑n
i=1(yi −wT xi)2

Closed form: w∗ = (XTX)−1XT y
∇wR̂(w) = −2

∑n
i=1(yi −wT xi) ·xi = 2XT (Xw−y)

Convex / Jensen’s inequality
g(x) is convex⇔ x1,x2 ∈R,λ ∈ [0,1] : g ′′(x) > 0
g(λx1 + (1−λ)x2) ≤ λg(x1) + (1−λ)g(x2)
Gradient Descent
1. Start arbitrary wo ∈R
2. For i do wt+1 = wt − ηt∇R̂(wt)
Generalization error
Goal: minimize true risk (iid data) R(w) =∫
P (x,y)(y −wT x)2∂x∂y = Ex,y[(y −wT x)2]

Emperical risk R̂D (w) = 1
|D |

∑
(x,y)∈D(y−wT x)2

Generalization error = |Estim. R - true R|
Evaluate model on validation set, because
ED [R̂D (wD )]� E[R(wD )]
Crossvalidation (=pickmultiple test sets)
For each model m repeat for i = 1 : k

Split datasetD =D(i)
t ]D

(i)
v , train model ŵi and

estimate error R̂(i)
m on validation set

Select model m̂ = argminm
1
k

∑k
i=1 R̂

(i)
m

Ridge regression

Regularization: min
w

n∑
i=1

(yi −wT xi)2 +λ||w||22
Closed form solution: w∗ = (XTX +λI)−1XT y
(XTX +λI) always invertible.

Gradient: ∇wR̂(w) = −2
n∑
i=1

(yi −wT xi) · xi + 2λw

Standardization
Goal: each feature: µ = 0, σ2 = 1: x̃i,j =

(xi,j−µ̂j )
σ̂j

µ̂j = 1
n

∑n
i=1 xi,j , σ̂

2
j = 1

n

∑n
i=1 (xi,j − µ̂j )2

CLASSIFICATION
0/1 loss
0/1 loss is not convex and not differentiable.

l0/1(w;yi ,xi) =
{

1 , if yi , sign(wT xi)
0 , otherwise

Perceptron loss
Perceptron loss is convex and not differentia-
ble, but gradient is informative.
lP (w;yi ,xi) =max{0,−yiwT xi}

∇wlp(w;yi ,xi) =
{

0 , if yiwT xi ≥ 0
−yixi , if yiwT xi < 0

w∗ = argmin
w

∑n
i=1 lp(w;yi ,xi)

Theorem: If the data is linearly separable, the
Perceptron will obtain a linear separator.
Stochastic Gradient Descent (SGD)
1. Start at an arbitrary w0 ∈Rd
2. For t = 1,2, ... do:
Pick data point (x′ , y′) ∈u.a.r. D
wt+1 = wt − ηt∇wl(wt ;x′ , y′)
Perceptron alg. uses SGD with Perceptron loss
Support Vector Machine
Hinge loss: lH (w;x,y) =max{0,1− ywT x}
Theorem: SVM finds solution with max margin
to decision boundary.
w∗ = argmin

w

∑n
i=1max{0,1− yiw

T xi}+λ||w||22︸                             ︷︷                             ︸
=gi (w)

∇wgi(w) =
{
−yixi + 2λw , if yiwT xi < 1
2λw , if yiwT xi ≥ 1

Feature selection: Greedy and Lasso
Lasso uses L1-norm ‖·‖1 to encourage sparse
solutions. Fast, but for linear models only.
Greedy forw adds best elm, greedy backw re-
move worse elm. General, but comp. expensive
and might lead to bad solutions.
KERNELS
Representation theorem: w =

∑n
j=1αjyjxj

Kernel optimization problems are convex
Kernel trick: Perceptron and SVM
Perceptron min

α1:n

∑n
i=1 max[0,−

∑n
j=1αjyiyjx

T
i xj ]

or in short min
α

∑n
i=1max{0,−yiαT ki}

SVMmin
α

∑n
i=1max{0,1−yiαT ki}+λαTDyKDyα

with ki = [y1k(xi ,x1), ..., ynk(xi ,xn)], Dy = diagy
Prediction: y = sign(

∑n
j=1αjyjk(xj ,x))

Kernelized linear regression
Ansatz: w∗ =

∑
i αix

Parametric: w∗ = argmin
w

∑
i(w

T xi−yi)2 +λ||w||22
= argmin

α
||αTK − y||22 +λαTKα

Closed form: α∗ = (K +λI)−1y

Prediction: y = w∗T x =
n∑
i=1
α∗i k(xi ,x)

Kernelized Perceptron
Initialize α1:n = 0 and repeat for t = 1,2, ...
Pick data (xi , yi) ∈u.a.r D
Predict ŷ = sign(

∑n
j=1αjyjk(xj ,xi))

If ŷ , yi set αi = αi + ηt
Predict new point x: ŷ = sign(

∑n
j=1αjyjk(xj ,x))

Properties of kernel
k must be symmetric: k(x,y) = k(y,x)
Kernel matrix must be positive semi-definite.
Kernel matrixKi,j = k(xi ,xxj )
Semi-definite matrices⇔ kernels
Examples of kernels onRd

Linear kernel: k(x,y) = xT y
Polynomial kernel: k(x,y) = (xT y + 1)d

Gaussian kernel: k(x,y) = exp(−||x − y||22/h2)
Laplacian kernel: k(x,y) = exp(−||x − y||1/h)
Kernel engineering
k1(x,y)+k2(x,y); k1(x,y)·k2(x,y); c·k1(x,y),c > 0;
f (k1(x,y)), f polynomial with coeff ≥ 0 or exp
Nearest Neighbor k-NN
y = sign(

∑n
i=1 yi1[xi among k nn of x](xi))

IMBALANCE
Upsampling, downsampling of dataset
Cost Sensitive Classification
weight losses per class lCS (w;x,y) = cy l(w;x,y)
Metrics
Accuracy: T P+TN

T P+TN+FP+FN , Precision: T P
T P+FP

Recall (TPR): T P
T P+FN , F1 score: 2T P

2T P+FP+FN

MULTI-CLASS HINGE LOSS
1) One-vs-all: train c bin classifiers (conf.)
2) One-vs-one: train c c−1

2 binary classifiers
3) Maintain c different w(i) vectors

MC SVM, hinge loss lMC−H (w(1), ...,w(c);x,y) =
max(0,1 + max

j∈{1,...,y−1,y+1,...,c}
w(j)T x −w(y)T x)

NEURAL NETWORKS
Learning features
Parameterize feat. maps (eg φ(x,θ) = ϕ(θT x))
optimize params (non-convex problem):
w∗ = argmin

W

∑n
i=1 l(W ;yi ,xi)

SGD step: W ←W − ηt∇W l(W ;y,x)
Activation functions
Sigmoid: ϕ(z) = 1

1+exp(−z) ; ϕ′(z) = (1−ϕ(z))·ϕ(z)

Tanh: ϕ(z) = tanh(z) = exp(z)−exp(−z)
exp(z)+exp(−z)

ReLu: ϕ(z) = max(z,0)
Forward propagation
For input layer v0 = x
For each hidden layer l = 1 : L− 1
z(l) =W (l)v(l−1), v(l) = φ(z(l))
For output layer f =W (L)v(L−1)

Predict yj = fj for reg. / yj = sign(fj ) for class.
Backpropagation to compute∇W l(W ;y,x)
For each unit j on the output layer:
- Compute error signal: δj = `′j (fj )

- For each unit i on layer L: ∂
∂wj,i

= δjvi

For each unit j on hidden layer l = {L− 1, ...,1}:
- Error signal: δj = ϕ′(zj )

∑
i∈Layerl+1

wi,jδi
- For each unit i on layer l − 1: ∂

∂wj,i
= δjvi

e.g. ∂L

∂w
(2)
ij

= ∂L
∂fi

∂fi

∂w
(2)
ij

, ∂L

∂w
(1)
ij

=
∑
i
∂L
∂fi

∂fi
∂vj

∂vj

∂w
(1)
jk

Learning withmomentum
a←m · a+ ηt∇W l(W ;y,x); W ←W − a
Regularization
Dropout, early stopping (train and val set)
CNNs: input -> convolution -> pooling -> NN

L = n+2p−f
s + 1, stride s, padding p, n×n image

CLUSTERING
k-means (non-convex)
argmin R̂(µ) with R̂(µ) =

∑n
i=1 min

j∈{1,...k}
||xi −µj ||22

Algorithm (Lloyd’s heuristic), O(nkd) per it:

Initialize cluster centers µ(0) = [µ(0)
1 , ...,µ

(0)
k ]

While not converged

zi ← argmin
j∈{1,...,k}

||xi −µ
(t−1)
j ||22; µ(t)

j ←
1
nj

∑
i:zi=j xi

problems: k =?, number of iterations exponen-
tial, circles, non-convex, can’t regularize



k-mean++
- Start with random data point as center
- Add centers 2 to k randomly, proportionally
to squared distance to closest selected center
for j = 2 to k: ij sampled with prob.
P (ij = i) = 1

Z min1≤l<j
||xi −µl ||22; µj ← xij

DIMENSION REDUCTION
Principal component analysis (PCA)
Assume Σ = 1

n

∑n
i=1 xix

T
i , µ = 1

n

∑n
i=1 xi = 0

General (W,z1, ..., zn) = argmin
∑n
i=1 ||Wzi−xi ||22

with W ∈Rd×k orthogonal, z1, ..., zn ∈Rk
Solution W = (v1|...|vk) and zi = W T xi , where
vk eigenv of Σ =

∑d
i=1λiviv

T
i , λ1 ≥ ... ≥ λd ≥ 0

k = 1: w∗ = argmin‖w‖=1w
TΣw = v1

Kernel PCA
Optim (k = 1): α(∗) = argmaxαT Kα=1α

TKTKα
Sol (k ≥ 1): α(i) = 1√

λi
vi from eigenv decompo-

sition of K =
∑n
i=1λiviv

T
i , λ1 ≥ ... ≥ λd ≥ 0

x is projected as z ∈Rk by zi =
∑n
j=1α

(i)
j k(x,xj )

Autoencoders
Try to learn identity function: x ≈ f (x;θ)
f (x;θ) = f2(f1(x;θ1);θ2); f1 : en-, f2 : decoder
Training: min

w

∑n
i=1 ||xi − f (xi ;W )||22

PROBABILITY MODELING
Assumption: Data set is generated iid
Find h : X → Y that minimizes pred. error
R(h) =

∫
P (x,y)l(y;h(x))∂x∂y = Ex,y[l(y;h(x))]

h∗(x) = E[Y |X = x] for R(h) = Ex,y[(y − h(x))2]
Prediction: ŷ = Ê[Y |X = x] =

∫
P̂ (y|X = x)y∂y

Choose a particular parametric form P̂ (Y |X,θ)
Maximum Likelihood Estimation (MLE)
θ∗ = argmaxθ P̂ (y1, ..., yn|x1, ...,xn,θ)
Prediction error = Bias2 +V ariance+Noise
Bias EX[ED ĥD (X)− h∗(X)]2

V EXVD [ĥD (X)]2 = EXED [ĥD (X)−ED ′ ĥD ′ (X)]2

Noise EX,Y [Y − h∗(X)]2

Maximum a posteriori estimate (MAP)
Introduce bias through prior wi ∈ N (0,β2)
Bayes: P (w|x,y) = P (w|x)P (y|x,w)

P (y|x) = P (w)P (y|x,w)
P (y|x)

argmax
w

P (w|x,y) = argmax
w

lnP (w) + lnP (y|x,w)

Example: MLE and MAP for linear Gaussian
yi ∼N (wT xi ,σ2) : yi = wT xi + εi ,εi ∼N (0,σ2)
argmax

w
P (y1:n|x1:n,w) = argmin

w

∑n
i (yi −wT xi)2

MAP argmin
w

1
2β2 ||w||22 + 1

2σ2

∑n
i=1(yi −wT xi)2

Logistic regression
replaces Gaussian noise assumption by iid Ber-
noulli noise P (y|x,w) = Ber(y;σ (wT x))
Sigmoid link function σ (wT x) = 1

1+exp(−wT x)
∇wl(w) = −yxP (Y = −y|w,x)
Predict e.g. most likely P (y|x,w) class label.
Example: MLE for logistic regression
argmax

w
P (y1:n|w,x1:n) = argmax

w

∑
logP (yi |w,xi)

= argmin
w

∑n
i=1 log(1 + exp(−yiwT xi))

R̂(w) =
∑n
i=1 log(1 + exp(−yiwT xi)) (neg log l. f.)

Logistic regression and regularization
s = ||w||22 L2 (Gaussian prior)/|w||1 L1 (Laplace)
min
w

∑n
i=1 log(1 + exp(−yiwT xi)) +λs

SGD for logistic regression
Initialize w and repeat for t=1,2,...
Pick data (x,y) ∈u.a.r D
Compute probability of misclassification
P̂ (Y = −y|w,x) = 1

1+exp(ywT x)

Update w← w+ ηtyxP̂ (Y = −y|w,x) or regula-
rized w← w(1− 2ληt) + ηtyxP̂ (Y = −y|w,x)
BAYESIAN DECISION THEORY (BDT)
- Conditional distribution over labels P (y|x)
- Set of actions A
- Cost function C : Y ×A→R

Pick action that minimizes the expected cost:
a∗ = argmin

a∈A
Ey[C(y,a)|x] =

∑
y P (y|x) ·C(y,a)

Optimal decision for logistic regression
a∗ = argmax

y
P̂ (y|x) = sign(wT x)

Doubtful logistic regression
Est. cond. distr.: P̂ (y|x) = Ber(y;σ (ŵT x))
Action set: A = {+1,−1,D}; Cost function:

C(y,a) =
{

[y , a] if a ∈ {+1,−1}
c if a =D

The action that minimizes the expected cost
a∗ = y if P̂ (y|x) ≥ 1− c, D otherwise
Linear regression
Est. cond. distr.: P̂ (y|x,w) =N (y;wT x,σ2)
A = R; C(y,a) = (y − a)2

The action that minimizes the expected cost
a∗ = Ey[y|x] =

∫
P̂ (y|x)∂y = ŵT x

Asymmetric cost for regression
Est. cond. distr.: P̂ (y|x) =N (ŷ; ŵT x,σ2)
A = R; C(y,a) = c1 max(y−a,0)+c2 max(a−y,0)
Action that minimizes the expected cost:
a∗ = ŵT x+ σΦ−1( c1

c1+c2
), Φ : Gaussian CDF

DISCRIMINATIVE VS. GENERATIVE MODELING
DM estimate P (y|x), GM estimate P (y,x) using
prior P (y) and P (x|y) and predict using
P (y|x) = P (y)P (x|y)

P (x) = P (x,y)
P (x) , P (x) =

∑
y P (x,y)

Example MLE for P(y)
Want: P (Y = 1) = p,P (y = −1) = 1− p
Given: D = {(x1, y1), ..., (xn, yn)}
P (D |p) =

∏n
i=1p

1[yi=+1](1− p)1[yi=−1]

= pn+(1− p)n− , where n+ = # of y = +1
∂
∂p logP (D |p) = n+

1
p −n−

1
1−p

!= 0⇒ p = n+
n++n−

Deriving decision rule
P (y|x) = 1

Z P (y)P (x|y), Z =
∑
y P (y)P (x|y)

y = argmax
y′

P (y′ |x) = argmax
y′

P (y′)
∏d
i=1 P (xi |y′)

= argmax
y′

logP (y′) +
∑d
i=1 logP (xi |y′)

Gaussian Naive Bayes classifier
MLE for class prior: P̂ (Y = y) = p̂y = Count(Y=y)

n

MLE for feature distr.: P̂ (xi |y) =N (xi ; µ̂y,i ,σ
2
y,i)

µ̂y,i = 1
Count(Y=y)

∑
j:yj=y xj,i

σ2
y,i = 1

Count(Y=y)
∑
j:yj=y(xj,i − µ̂y,i)2

Predict using Bayesian Decision Theory, e.g.
y = argmax

y′
P̂ (y′ |x) = argmax

y′
P̂ (y′)

∏d
i=1 P̂ (xi |y′)

NB might be overconfident (close to 1 or 1)
Gaussian Bayes Classifier
MLE for class prior: P̂ (Y = y) = p̂y = Count(Y=y)

n

MLE for feature distr.: P̂ (x|y) =N (x; µ̂y , Σ̂y)
µ̂y = 1

Count(Y=y)
∑
i:yi=y xi ∈R

d

Σ̂y = 1
Count(Y=y)

∑
i:yi=y(xi − µ̂y)(xi − µ̂y)T ∈Rd×d

c = 2: predict y = sign(f (x)) with discriminant

func: f (x) = log( P (Y=1|x)
P (Y=0|x) ) = log p

1−p + 1
2 [log |Σ̂− |

|Σ̂+ |
+ ((x− µ̂−)T Σ̂−1

− (x− µ̂−))− ((x− µ̂+)T Σ̂−1
+ (x− µ̂+))]

Fisher’s linear discriminant analysis (LDA; c=2)
f (x) from GBC simplified with p = 0.5; Σ̂− =
Σ̂+ = Σ̂ predict: y = sign(f (x)) = sign(wT x+w0)
w = Σ̂−1(µ̂+ − µ̂−); w0 = 1

2 (µ̂T− Σ̂
−1µ̂− − µ̂T+ Σ̂−1µ̂+)

Outlier Detection
P (x) =

∑c
y=1 P (y)P (x|y) =

∑
y p̂yN (x|µ̂y , Σ̂y) ≤ τ

Categorical Naive Bayes Classifier
MLE class prior: P̂ (Y = y) = Count(Y=y)

n

MLE for feature distr.: P̂ (Xi = c|Y = y) = θ(i)
c|y

θ
(i)
c|y = Count(Xi=c,Y=y)

Count(Y=y) , Pred.: y = argmax
y′

P̂ (y′ |x)

LATENT: MISSING DATA
Mixturemodeling
Model each cluster as probability distr. P (x|θj )
data iid, likelih.: P (D |θ) =

∏n
i=1

∑k
j=1wjP (xi |θj )

argminL(D;θ) = argmin−
∑
i log

∑
jwjP (xi |θj )

Gaussian-Mixture Bayes classifiers
Estimate class prior P (y); Est. cond. distr. for

each class: P (x|y) =
∑ky
j=1w

(y)
j N (x;µ(y)

j ,Σ
(y)
j )

P (y|x) = 1
P (x)p(y)

∑ky
j=1w

(y)
j N (x;µ(y)

j ,Σ
(y)
j )

EM
E-step: calculate γz(x) = P (Z = z|X = x,θ(t−1))
M-step: θ(t+1) = argmaxθQ(θ;θ(t−1)), where
Q(θ,θ(t)) = EZ|X=x,θ(t) [logP (X,Z |θ)] =∑n
i=1EZ|X=xi ,θ(t) [logP (xi ,Z |θ)] =∑n
i=1

∑k
z=1 P (Z = z|xi ,θ(t)) logP (X = xi ,Z = z|θ)

Hard-EM algorithm
Initialize parameters θ(0) and repeat t = 1,2, ...:
Predict most likely class for each data point:

z
(t)
i = argmax

z
P (z|xi ,θ(t−1))

= argmax
z

P (z|θ(t−1))P (xi |z,θ(t−1));

Compute the MLE as for the Gaussian B. class.:
θ(t) = argmax

θ
P (D(t)|θ)

So�-EM algorithm: While not converged
E-step: For each i and j calculate γ (t)

j (xi)
M-step: Fit clusters to weighted data points:

w
(t)
j ←

1
n

∑n
i=1γ

(t)
j (xi); µ

(t)
j ←

∑n
i=1γ

(t)
j (xi )xi∑n

i=1γ
(t)
j (xi )

Σ
(t)
j ←

∑n
i=1γ

(t)
j (xi )(xi−µ

(t)
j )(xi−µ

(t)
j )T∑n

i=1γ
(t)
j (xi )

(+ν2I)

EM for semi-supervised learning with GMMs:

unl. p.: γ (t)
j (xi) = P (Z = j |xi ,µ(t−1),Σ(t−1),w(t−1))

labeled points with label yi : γ
(t)
j (xi) = [j = yi]


